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“Failure is what happens when you decide you failed. Until then, you are still always looking 








A geometria possui grande influência na vibração de componentes mecânicos. No caso de 
sistemas rotativos, os eixos usados na transmissão de torque e velocidade angular podem agir 
como amplificadores da vibração torcional. Entretanto, usando o conceito de estruturas 
periódicas, é possível obter faixas de frequência com significativa atenuação da vibração, 
chamadas de bandas de rejeição. Nelas a estrutura atua como filtro mecânico, impedindo a 
propagação de ondas elásticas e, desta forma, impossibilitando a formação de modos de vibrar. 
É sabido que a transmissão de potência por engrenagens gera uma vibração torcional na 
frequência de engrenamento, e também que motores de combustão interna são geradores de 
vibrações periódicas. O objeto de estudo dessa dissertação é a modelagem computacional e o 
teste experimental de um eixo periódico dentro de uma transmissão mecânica veicular com 
motor a diesel que atenue a vibração torcional tanto para a frequência de engrenamento quanto 
para as provenientes do motor.  É mostrado que o eixo com engrenagens montadas de modo 
periódico produz uma ampla banda de rejeição e que o acoplamento do eixo periódico com 
outras inércias pode gerar modos de defeito dentro das bandas de rejeição, que podem 
comprometer a atenuação das vibrações. Resultados de simulação numérica e resultados 
experimentais são analisados tendo em vista discutir a viabilidade de aplicação deste efeito em 
transmissões veiculares. 
Palavras Chave:  eixo periódico, vibração torcional, frequência de engrenamento, cristais 



















The geometry has strong influence on the vibration of mechanical components. Shafts used in 
the transmission of torque and angular velocity can behave as torsional vibration amplifiers. 
However, using the concept of periodic structures, it is possible to obtain frequency bands with 
high attenuation, called band gaps. In these frequency bands, the structure acts as a mechanical 
filter, thus avoiding elastic wave propagation and, therefore, the building up of vibration modes. 
It is known that the gear mesh frequency causes torsional vibrations of a shaft system, and the 
internal combustion engine provides periodic vibration. The object of this investigation is the 
computational modeling and experimental test of a mechanical transmission with a periodic 
shaft designed to filter the both the gear mesh frequency and engine vibration. It is shown that 
a shaft with periodically mounted gears produces a wide band gap and that the coupling of such 
a shaft with other inertias can generate defect modes within the band gaps which can 
compromise the vibration attenuation. Numerical and experimental results are analyzed aiming 
at the application of this periodic design in automotive gearboxes.  
Keywords: periodic shaft, torsional vibration, gear mesh frequency, phononic crystals, 
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Noise and vibration studies became essential in many applications, mainly where there is 
an interface between the human and the machine. In vehicles, such studies are important due to 
powertrain excitations and dynamic interactions (Al zubi, 2012; Mitschke, 1988; Kumar et al., 
2014), and have been tackled along the years aiming at more comfort and longer fatigue life. 
These studies include combustion and electric vehicles (Mehrgou et al., 2018; Palermo et al., 
2012). 
The internal combustion engine is one of the main sources of excitation present in vehicles. 
The engine causes periodic torsional vibration due to the explosions, fire orders and their 
harmonics (Fridman, 2008). The engine orders and harmonics can be in resonance with vehicle 
component. Equation (1) shows the frequency of order 𝑗, where 𝑛 is the engine speed in rpm 
and 𝑗 is the integer corresponding to the harmonic order (Narayan, et al., 2016; Wang et al. 
2017). 
 





Many solutions were developed with the objective of attenuating the torsional vibration 
from the engine, such as clutches, dual-mass flywheels and centrifugal pendulum-type absorber 
(Berbyuk, 2019; Wu and Wu, 2016).  
Besides as tires, exhaust system, fan and cooling system, the gearbox is one of the main 
sources of noise and vibration (Harkude et al., 2015; Zhou and Wenlei, 2014), which is mainly 
caused by uneven the gear pair matching. Factors such as transmission error (TE), shuttling 
force, friction force and tooth impacts, are excitation sources of gear pair vibration and, 
consequently, noise called “whine noise” (Teja et al., 2018; Houser, 2004). 
The transmission error, which is present in a mechanical transmission under dynamic 
loading, is related to different factors (Li et al., 2014; Smith, 2003), such as wear of the contact 
surfaces, elastic teeth deflection, manufacturing errors (profile errors, eccentricity, surface 
finish and spacing), and inadequate design (degree of recoating and interference) (Houser et al., 





is called transmission error, which contributes to the whine noise (Houser and Harianto, 2003; 
Kubo, 1978; Hu, 2016). If the transmission error (TE) is not present, the transmission by the 
gear pair is ideal (Ongjianovic and Agemi, 2010; Teja et al., 2017). Equation (2) shows how 
the transmission error is calculated for the gear pair.  
 
𝑇𝐸 = 𝑟𝑑𝑟𝑖𝑣𝑒𝜙𝑑𝑟𝑖𝑣𝑒 − 𝑟𝑑𝑟𝑖𝑣𝑒𝑛𝜙𝑑𝑟𝑖𝑣𝑒𝑛  , (2) 
 
where 𝜙 is the angular displacement and 𝑟 is the base circle radius for each gear. 
The transmission error generates periodic torsional excitations that are related with the 
gear mesh frequency 𝑓𝑛 . At the gear mesh frequency for helical gears, lateral and torsional 
vibrations frequency can be calculated considering the gear rotational speed 𝑛, in rpm, and the 







The shuttling force is a variation of the force at the bearings, which occurs when the mesh 
force changes axially on the tooth face width from the centroid of the mesh force, thus resulting 
in an axial movement (Borner and Houser, 1996; Palermo et al., 2012). This shuttling force is 
caused by design parameters, unsymmetrical shafts, misalignment, and manufacturing errors. 
The tilt moment resulting from the shuttling force has as fundamental frequency equal to the 
gear mesh frequency 𝑓𝑛. Together with the transmission error is an important source of gear 
mesh frequency excitation (Teja et al., 2018). 
 
1.2. Periodic structures 
 
In many cases, the angular speed and torque transmission along a shaft are accompanied by 
unwanted vibrations. These vibrations, which can be torsional, longitudinal or bending, are 
present in different applications. Technology has been developed and studies carried out to 
attenuate these vibrations at certain frequencies, especially in the automotive, aerospace and 
industrial sectors (Kunze et al., 2003; Charlers et al., 2009). Metamaterials are interesting 
because they are tuned to attenuate frequency bands, the so-called "band gaps" or stop bands 





vibration attenuation (Pines and Baz, 2004; Bao et al., 2017). The insertion of heavy materials 
in lighter matrix materials is also the object of study of band gaps (Ruzzene and Baz, 2000; 
Xiang et al., 2012; Tahidul Haque et al., 2018). Developments of concepts shafts are being 
carried out with the intention of attenuating specific ranges of frequencies. There are few 
examples of application of periodic structures to geared systems. Richards and Pines (2003), 
Figure 1,  proposed a periodic shaft coupled with an engine and load to reduce the lateral 






Figure 1 - Periodic Shaft to reduce the vibration at bearing location. (Richards, D. and Pines, D. 2003.) 
Asiri et al. (2006) performed an experiment to evaluate periodic struts for gearbox support 
systems, as shown in Figure 2.  
 
 
Figure 2 - Experimental configuration for measuring vibration transmission at base using periodic struts. (Asiri et al. 2006). 
 
Song et al., (2013) investigated the stop bands of a periodic shaft modeling a uniform shaft 
with periodically attached structures.  
Given that there are few examples of using phononic crystals in geared system applications, 
a theoretical and experimental analysis of band gaps in torsional vibrations of periodic shafts 
coupling engine and load becomes necessary (Shu et al., 2011).  At the beginning of this work, 
two approaches were discussed to apply the concept of band gaps in mechanical transmissions: 
periodic shafts and structures with periodically attached resonators in the gearbox housing. 
The restrictions to develop a gearbox house prototype in terms of time and cost and the 
opportunity to investigate and to achieve torsional vibration attenuation for the engine 
excitations at the gear mesh frequency using a periodic shaft in a gearbox were decisive for the 









The objective of the present work is the investigation of the torsional vibration attenuation 
in a gearbox using a periodic shaft. A numerical and experimental investigation of the torsional 
response using conventional and periodic shafts in terms of the attenuation magnitude, the 
opening of band gaps, and the effects of defect modes due to the coupling is reported. A 
preliminary application in a real vehicle is also described.  
 
1.4. Organization of the dissertation 
 
This work is organized in five chapters. This first chapter briefly introduced the torsional 
vibration issue in vehicles, caused by, engine, and by gear meshing in gearboxes. Next, the 
concept of periodic structures, which are able to exhibit band gaps introduced. 
In Chapter 2, the mathematical models for the torsion of free-free uniform and periodic 
shafts are described, evidencing the dispersion diagram with the attenuation bands, the forced 
response, and the dependence with respect to the number of cells. An interpolation between 
nodes is used to describe the angular displacements along the shaft. Finally, a Timoshenko 
beam model is developed for a periodic shaft to calculate the band gaps related to flexural 
waves. 
Chapter 3 discusses wave propagation in periodic shafts with symmetric and non-symmetric 
unit cells. The concept of defect mode is then presented. An experimental test of a free-free 
periodic symmetric shaft is also described. 
Chapter 4 discusses a periodic shaft coupled to an engine and to a load. The defect mode 
due to the coupling is duly identified. An experimental analysis of the coupling of a periodic 
shaft is presented, comparing the results with a numerical model prediction. 





2. DYNAMIC MODELLING AND ANALYSIS 
 
 
2.1. Torsional Model of a Uniform Shaft 
 
 
2.1.1. Dynamic equations  
 
Consider a free-free shaft with constant cross section and material properties along the 
length, as shown in  Figure 3.  
 
Figure 3 - Uniform shaft 
 
The static equilibrium equation can be described by Equation (4): 
𝜙 =  
𝑇𝐿
𝐺𝐽
  (4) 
where: 
𝜙:  is the torsion angle 
𝑇: is the applied torque 
𝐺: is the shear modulus 
𝐽 =  ∫ 𝑟2𝑑𝐴 =  
𝜋𝐷4
32
: is the polar moment of inertia of the circular cross section, where r is the 
radius and D the diameter of the shaft 
𝐿: is the length of the shaft 
 
 

























𝐼 = ∫ 𝑟2𝑑𝑚:  is the mass moment of inertia 
 













) 𝑑𝑥 (7) 
 










𝐼 =  𝜌 𝑑𝑥 𝐽 (9) 
 































2.1.2. Spectral Element Method and element interpolation 
 
The technique used to obtain the torsional periodic model in this thesis is the Spectral 
Element Method (SEM) (Doyle, 1997), which allows working with the element stiffness matrix 
in exact form in the frequency domain. The number of elements to be used corresponds to the 
number of discontinuities of the structure to be analyzed. 
The torsional wave equation given by Equation (11), where 𝐺𝐽 is the torsional stiffness and 
𝜌𝐽 is the rotational inertia per unit length. With the spectral representation of angular 
displacement ?̂? shown in Equation (12) for the circular frequency 𝜔, it is possible to obtain the 
homogeneous equation presented in Equation (13), where 𝑖 = √−1 is the imaginary number: 
 







+ (𝜔2𝜌𝐽 − 𝑖𝜔𝜂𝐽)?̂?   = 0         (13) 
 
The solution is of the exponential form,  𝑒−𝑖𝑘𝑥. For an element of length L, at a given 






Where,  𝑘 =  √
𝜔2𝜌𝐽−𝜔𝑖𝜂𝐽 
𝐺𝐽
 is the torsional wave-number for a damped system, 𝐶1 and 𝐶2 are 
constants determined by the boundary conditions.  The combination of the solution with the 
time variation results in a solution of the type: 
 
?̂?(𝑥, 𝑡) =  ∑C1𝑒
−𝑖(𝑘𝑥−𝜔𝑡) +∑C2𝑒
𝑖𝑘(𝐿+𝜔𝑡)  (15) 
 






?̂?(0) =  ?̂?1 = C1 + C2𝑒




𝜙(𝐿) =  𝜙2 = C1𝑒
−𝑖𝑘𝐿 + C2             (17) 
  
With Equations (14), (16) and (17), the angular displacement of the element at any point is 
given by Equation (18): 
 
?̂?(𝑥) = ?̂?1(𝑥)?̂?1 + ?̂?2(𝑥)?̂?2     (18) 
 
 
where  𝑔1and 𝑔2 are torsion element interpolation functions given by: 
 
?̂?1(𝑥) =  
𝑒−𝑖𝑘𝑥 − 𝑒−𝑖𝑘(2𝐿−𝑥)
(1 − 𝑒−2𝑖𝑘𝐿)
     
 
(19) 





Then, in terms of the torque ?̂?𝑖, at the both ends, the Equations (21) and (22) are obtained as 
follow: 
 
?̂?1 = ?̂?1(0) = −GJ[?̂?1(0)?̂?1 + ?̂?(0)?̂?2]     
 
(21) 
?̂?2 = ?̂?2(𝐿) = GJ[?̂?1(𝐿)?̂?1 + ?̂?2(𝐿)?̂?2] (22) 
 











(1 + 𝑒−2𝑖𝑘𝐿) −2𝑒−𝑖𝑘𝐿
−2𝑒




}    (23) 
 
The torque vector ?̂? is equal to the torsional stiffness ?̂? multiplied by the angular 






?̂? =  ?̂? ?̂?         (24) 
  
For the uniform shaft to be analyzed, shown in Figure 5, each node is a discontinuity 







Figure 5 - Uniform shaft and nodes 
Thus, the dynamic stiffness matrix is obtained as below: 
 






(1 + 𝑒−2𝑖𝑘𝐿) −2𝑒−𝑖𝑘𝐿
−2𝑒−𝑖𝑘𝐿 (1 + 𝑒−2𝑖𝑘𝐿)
]     (25) 
 





]  =  ?̂?
  −1
?̂?     (26) 
 





]  =  𝑻?̂?  [
?̂?1
?̂?1
]   (27) 
 
𝑻?̂? is the dynamic stiffness matrix ?̂? rearranged so-called transfer matrix, which relates the 
displacements and forces at both ends (Goldstein et al., 2011; Arruda et al., 2007; Pilkey, 2002).  
It can be shown that the dynamic stiffness matrix  ?̂? from Equation (25) and the transfer 
matrix, 𝑻?̂? are related as follows: 
𝐿, 𝐺, 𝐽, 𝜂  

















 ?̂?21 − 
 ?̂?22 ?̂?11
 ?̂?12







    (28) 
 
A uniform shaft made of steel with the parameters shown in Table 1 is investigated in the 
next sections. 
 
Table 1 - Uniform shaft parameters 
 

















32 cm 5cm 61 𝑐𝑚4 80GPa 7900 kg/m³ 0.01 
 
2.1.3. Dispersion relation 
 
The dispersion relation is the relation between the frequency and the wavenumber and can 
be determined by solving and eigenvalue problem involving the transfer matrix. For periodic 
structures, the Floquet-Bloch theorem can be used to evaluate the wave propagation in the 
infinite periodic structure (Sun, 2016; Goldstein et al., 2011). 
 
[
?̂? (𝑥 + 𝐿)
?̂?(𝑥 + 𝐿)
]  =  𝐞−𝒊𝒌𝑳   [
?̂? (𝑥)
?̂?(𝑥)







]  =  𝑻?̂?  [
?̂?1
?̂?1
] =  𝜆 [
?̂?1
?̂?1
]     =  𝐞−𝒊𝒌𝑳 [
?̂?1
?̂?1









𝑑𝑒𝑡(𝑻?̂? −  𝜆 𝑰 ) = 0    (31) 
where I is the identity matrix.  







 for infinite periodic structures (Brillouin zone), where L is the period of the periodic 
structure, resulting in a period of the dispersion relation of  
2𝜋
𝐿
 (Sun, 2016). The analytical 
expression of the wavenumber for the uniform shaft is a straight line passing through the origin. 
However, the eigenvalues give a wavenumber within the Brillouin zone due to spatial aliasing. 
The dispersion diagram shows real and imaginary parts of the eigenvalues, where if there is a 
non-zero imaginary part this represents an attenuation in the wave propagation for the given 
frequency (Lee and Balint, 2015). Figure 6 shows the dispersion diagram of the uniform shaft, 
where there is no imaginary part, i.e., no wave attenuation. In this representation, the positive 
vertical axis represents the real part of  𝑘𝐿 and the negative vertical axis the imaginary part. 
If the wavenumber k is real the waves can propagate. If the wavenumber k is imaginary 
the waves are evanescent, i.e. cannot propagate. If the wavenumber k is complex (there is a real 
part and an imaginary part) the waves propagate but are attenuated.  
 
 






2.1.4. Forced response 
 
 
Equation (26) can be used to evaluate forced responses at the nodes of a uniform shaft. A 











(1 + 𝑒−2𝑖𝑘𝐿) −2𝑒−2𝑖𝑘𝐿
−2𝑒−2𝑖𝑘𝐿 (1 + 𝑒−2𝑖𝑘𝐿)





]    (32) 
 
With the parameters given in Table 1, the angular displacements for each node were computed 
and are shown in Figure 7. 
 
Figure 7 - Uniform shaft, forced response node 1 and node 2 
 
To evaluate the attenuation between the nodes, a ratio between the nodal amplitudes can be 
calculated as shown in Equation (33). As shown in Figure 8 , the uniform shaft does not exhibit 






?̂? =  
?̂?2
?̂?1
    (33) 
 
 
Figure 8 – Amplitude ratio between node 2 and node 1 
 
 
2.2. Torsional Periodic Shaft Model 
 
2.2.1. Spectral Element Model for a periodic shaft 
 
 
For the periodic shaft with a repetition defined by the sequence of elements B, A and B 
compounding a cell, the periodicity represented by 3 cells, BAB-BAB-BAB is shown in Figure 
9. Each node is a discontinuity point, and the shaft is modeled with spectral elements for each 






Figure 9 - Nodes in the periodic shaft 








(1 + 𝑒−2𝑖𝑘1𝐿1) −2𝑒−𝑖𝑘1𝐿1
−2𝑒−𝑖𝑘1𝐿1 (1 + 𝑒−2𝑖𝑘1𝐿1)







(1 + 𝑒−2𝑖𝑘2𝐿2) −2𝑒−𝑖𝑘2𝐿2
−2𝑒−𝑖𝑘2𝐿2 (1 + 𝑒−2𝑖𝑘2𝐿2)
] (35) 
 
The geometric and physical parameters of segments A and B of the modeled periodic shaft are 
shown in Table 2. 
 


















A 2 cm 10 cm 982 𝑐𝑚4 
80 GPa 7900 kg/m³ 0.01 
B 4 cm 2 cm 2 𝑐𝑚4 
 
 
After computing Equations (34) and (35), it is possible to obtain ?̂?𝒄, which is the dynamic 
stiffness matrix for the cell consisting of elements B-A-B as show in Equation (36). Note that 














?̂?𝐵11 ?̂?𝐵12 0 0
?̂?𝐵21 ?̂?𝐵22 + ?̂?𝐴11 ?̂?𝐴12 0
0 ?̂?𝐴21 ?̂?𝐴22 + ?̂?𝐵11 ?̂?𝐵12





    (36) 
 
With the structure B-A-B modeled, one can obtain the resulting dynamic stiffness matrix ?̂?𝒈𝒄𝒄 


















 ?̂?𝐶11 ?̂?𝐶12 ?̂?𝐶13 ?̂?𝐶14 0 0 0 0 0 0
?̂?𝐶21 ?̂?𝐶22 ?̂?𝐶23 ?̂?𝐶24 0 0 0 0 0 0
?̂?𝐶31 ?̂?𝐶32 ?̂?𝐶33 ?̂?𝐶34 0 0 0 0 0 0
?̂?𝐶41 ?̂?𝐶42 ?̂?𝐶43 ?̂?𝐶44 + ?̂?𝐶11 ?̂?𝐶12 ?̂?𝐶13 ?̂?𝐶14 0 0 0
0 0 0 ?̂?𝐶21 ?̂?𝐶22 ?̂?𝐶23 ?̂?𝐶24 0 0 0
0 0 0 ?̂?𝐶32 ?̂?𝐶32 ?̂?𝐶33 ?̂?𝐶34 0 0 0
0 0 0 ?̂?𝐶41 ?̂?𝐶42 ?̂?𝐶43 ?̂?𝐶44 + ?̂?𝐶11 ?̂?𝐶12 ?̂?𝐶13 ?̂?𝐶14
0 0 0 0 0 0 ?̂?𝐶21 ?̂?𝐶22 ?̂?𝐶23 ?̂?𝐶24
0 0 0 0 0 0 ?̂?𝐶31 ?̂?𝐶32 ?̂?𝐶33 ?̂?𝐶34















    (37) 
 
Matrix ?̂?𝑔𝑐𝑐 is a 10x10 matrix due to the 10 nodes identified in Figure 9. 
 
2.2.2. Dispersion relation with band gaps 
 
The dynamic stiffness matrix ?̂?𝒄 can be condensed and rearranged to obtain the transfer 
matrix 𝑻?̂?, as explained in Equation (27). The eigenvalue of the transfer matrix gives the 
dispersion relation shown Figure 10. For frequencies at which the imaginary part is non-zero, 






Figure 10 - Dispersion diagram of the periodic shaft of Figure 9 
 
For the proposed cell, Figure 8 shows the existence of a first band gap between 1kHz and 
20kHz, and of a second band gap between 20kHz and 40kHz. This demonstrates a large 




2.2.3. Forced response 
 
The forced response of a uniform shaft, as explained in section 2.1.4 can be calculated using 
Equation (26). It can be easily generalized to take into account using ?̂?𝑔𝑐𝑐, given in Equation 


































  (38) 
 
For the proposed shaft, it is possible to obtain the angular displacement at each of the 10 
identified nodes, for an input unitary torque at node 1. Given the interest in the establishing 
attenuation, only the angular displacements at nodes 1 and 10 of the periodic shaft are plotted 
in Figure 11. 
 
Figure 11 – Forced response at node 1 and node 10. 
The variable ?̂? represents the attenuation of the torsional vibration at node 10 with respect 






?̂? =  
?̂?10
?̂?1
              (39) 
 
The plot of ?̂? with respect to frequency is shown in Figure 12. Note the resonance peaks 
and large frequency bands where the amplitude is well attenuated and there are no normal 
modes, showing the behavior of band gaps. 
 
  










2.2.4. Relative angular displacement – interpolation 
 
Considering a shaft element as a waveguide, the angular displacement at any point between 
the nodes can be obtained using equations (18), (19) and (20) to interpolate between these nodes 
for each element of the structure.  
Hence, in Figure 13 the shaft behavior for two frequencies (10 and 20 kHz) can be observed, 
with interpolation between the nodes.  At 10 kHz, inside the band gap, a high attenuation of the 
angular displacement can be observed. The interpolation is important to understand the shaft 










Figure 13 – Angular displacement behavior using interpolation. (a) Frequency outside the band gap: 20kHz (b) frequency 
inside the band gap: 10kHz. 
2.3. Flexural Model of the uniform shaft using – Timoshenko’s 
theory 
 
The Timoshenko theory considers a beam where the shear deformation is taken into 
account. Then, the rotational angle ?̂?(𝑥, 𝑡) is not equal to the derivative of the transverse 







Figure 14 – Uniform Timoshenko beam model 
The equations of motion (Doyle, 1997),  are Equations (39) and (40), where G is the shear 
modulus; 𝐴 is cross section area; 𝐾𝐴𝑃 is a constant related with shape of  the cross section,  
𝐾𝐴𝑃 = 0.9 for a circular cross section; E is the Young's modulus and 𝐼𝑓𝑙𝑒𝑥𝑢𝑟𝑎𝑙 the flexural 























The solution of Equations (40) and (41) have the following spectral representation: 
 







−𝑖𝑘1(𝐿−𝑥) + 𝑃2 𝐷𝑒
−𝑖𝑘2(𝐿−𝑥)        (43) 
 
where, 

































𝜔4]  (44) 






































































(−𝑖𝜉2(𝑟1𝑍11 + 𝑟2𝑍12) + 𝑖𝜉1(𝑟1𝑍11 − 𝑟2𝑍12))𝐿
2
Δ




















𝐾𝑐21 = 𝐾𝑐12 (53) 

















?̂?𝑐31 = ?̂?𝑐13 (57) 
?̂?𝑐32 =  ?̂?𝑐23 (58) 
?̂?𝑐33 =  ?̂?𝑐11 (59) 
?̂?𝑐34 =  − ?̂?𝑐12 (60) 
?̂?𝑐41 = ?̂?𝑐14 (61) 





?̂?𝑐43 =  ?̂?𝑐34 (63) 
?̂?𝑐44 =   ?̂?𝑐22 (64) 
 








?̂?𝑐11 ?̂?𝑐12 ?̂?𝑐13 ?̂?𝑐14
?̂?𝑐21 ?̂?𝑐22 ?̂?𝑐23 ?̂?𝑐24
?̂?𝑐31 ?̂?𝑐32 ?̂?𝑐33 ?̂?𝑐34





              (65) 
where, 
 
?̂? =  [
(1 − 𝑒−𝑖𝜉1𝑒−𝑖𝜉2) 𝑒−𝑖𝜉1 − 𝑒−𝑖𝜉2
𝑒−𝑖𝜉1 + 𝑒−𝑖𝜉2 (1 + 𝑒−𝑖𝜉1𝑒−𝑖𝜉2)
]              (66) 
?̂?1 = (𝑃1 − 𝑃2) ∗ 𝑍11 (67) 
?̂?2 = (𝑃1 + 𝑃2) ∗ 𝑍12 (68) 



















2 + 𝐺𝐴𝐾𝐴𝑃 − 𝜌𝐼𝑓𝑙𝑒𝑥𝑢𝑟𝑎𝑙𝜔
2) (71) 
𝜉1 = 𝑘1𝐿 (72) 




Equation (74) shows the displacements and rotations related with the stiffness dynamic matrix 
and loads (forces and moments). 
 






?̂?𝑐11 ?̂?𝑐12 ?̂?𝑐13 ?̂?𝑐14
?̂?𝑐21 ?̂?𝑐22 ?̂?𝑐23 ?̂?𝑐24
?̂?𝑐31 ?̂?𝑐32 ?̂?𝑐33 ?̂?𝑐34




















For the uniform shaft as shown in Figure 14, the dispersion diagram for a Timoshenko 
beam model is shown in Figure 15, where red lines represent the imaginary part of the 
eigenvalues and the black lines represent the real part of the eigenvalues. 
 
 
Figure 15 - Dispersion diagram for uniform shaft using Timoshenko beam model 
 
The forced response for a Timoshenko beam can be calculated using Equation (74). A 
unit force was used as input force at node 1 as in Equation (75): 
 







The responses can be observed in Figure 16, where the ratio was calculated between the 












2.4. Longitudinal Model of a uniform rod 
 
The longitudinal model will also be used to explain modes that appear in the torsional test 
analysis in this present work. The longitudinal model and the torsional model are very similar. 
Figure 17 shows a uniform shaft with the vector force ?̂? acting at its nodes. The amplitude 
vector of longitudinal displacements at nodes ?̂?. 
 
 








The longitudinal equation of motion, Equation (76), is analogous to the torsional equation 
of motion Equation (11) and can be solved for uniform and periodic rods using the Spectral 















where A is transversal cross area; E is the Young's modulus; 𝐿 is the length of the shaft; 𝜂 is the 






3. SYMMETRIC PERIODIC SHAFT IN FREE-FREE ANALYSIS 
 
 
3.1. Periodic Shaft with symmetric and non-symmetric geometry  
 
Topologic modes are modes that appear due to geometric phase change or transition points 
(Xiao et al., 2015; Aguiar, 2018; Atala et al., 2013).  Interface modes occur when the geometric 
phase is changed in an assembled structure (Kaloumis et al., 2018; Yin et al., 2018). When two 
periodic structures with different geometrical phase are coupled, the transition influences the 
shaft response and interface modes may appear. Defect modes occur when the periodic and 
symmetric cell distribution is broken by additional non-periodic segments, or when the periodic 
cell has a non-symmetric structure. Figure 18 (a) shows a non-periodic but symmetric structure 
ABABA with 2.5 cells. Figure 18 (b) shows a non-symmetric but periodic structure ABABAB 





Figure 18 – (a) Periodic and symmetric shaft (b) Periodic and non-symmetric shaft 
 
The parameters of length and diameter of segments A and B of the modeled periodic shaft are 
shown in Table 3. 
 


















A 2 cm 10 cm 982 𝑐𝑚4 
80GPa 7900 kg/m³ 0.01 






In both cases, ABABA and ABABAB, the dynamic stiffness matrix ?̂?𝒄, for the cell -AB- is the 








The Transfer Matrix can be calculated from, ?̂?𝒄, and from it, the dispersion diagram for the unit 
cell can be computed, being shown in Figure 19. The band gaps are identical because the unit 
cell of the infinite structures is the same. 
 
 
Figure 19 - Dispersion diagram for AB cell 
 
However, the global dynamic stiffness matrix of the finite structures is different. The ABABA 
structure has 6 nodes and the ABABAB structure with 7 nodes, the Equation (78) and Equation 













𝐾𝐶11 𝐾𝐶12 𝐾𝐶13 0 0 0
𝐾𝐶21 𝐾𝐶22 𝐾𝐶23 0 0 0
𝐾𝐶31 𝐾𝐶32 𝐾𝐶33 + 𝐾𝐶11 𝐾𝐶12 𝐾𝐶13 0
0 0 𝐾𝐶21 𝐾𝐶22 𝐾𝐶23 0
0 0 𝐾𝐶31 𝐾𝐶32 𝐾𝐶33 + 𝐾𝐴11 𝐾𝐴12



















𝐾𝐶11 𝐾𝐶12 𝐾𝐶13 0 0 0 0
𝐾𝐶21 𝐾𝐶22 𝐾𝐶23 0 0 0 0
𝐾𝐶31 𝐾𝐶32 𝐾𝐶33 + 𝐾𝐶11 𝐾𝐶12 𝐾𝐶13 0 0
0 0 𝐾𝐶21 𝐾𝐶22 𝐾𝐶23 0 0
0 0 𝐾𝐶31 𝐾𝐶32 𝐾𝐶33 + 𝐾𝐶11 𝐾𝐶12 𝐾𝐶13
0 0 0 0 𝐾𝐶21 𝐾𝐶23 𝐾𝐶23










The forced response with unit force at node 1 was calculated, and, from it, the ratio 
between the angular displacements of the end nodes could be computed. It is shown in Figure 
20. Defect modes can be observed at 10kHz and at 30kHz, at the middle of the band gaps, for 
the configuration ABABAB, due to non-symmetry. 
 
 










3.2. Flexural model for a Periodic Shaft with symmetric structure  
 
The Timoshenko beam model explained in section 2.2.5 for the uniform shaft, was used to 
calculate the periodic shaft with symmetric structure shown in Figure 18 (a), where the dynamic 








?̂?𝐴11 ?̂?𝐴12 ?̂?𝐴13 ?̂?𝐴14
?̂?𝐴21 ?̂?𝐴22 ?̂?𝐴23 ?̂?𝐴24
?̂?𝐴31 ?̂?𝐴32 ?̂?𝐴33 ?̂?𝐴34












?̂?𝐵11 ?̂?𝐵12 ?̂?𝐵13 ?̂?𝐵14
?̂?𝐵21 ?̂?𝐵22 ?̂?𝐵23 ?̂?𝐵24
?̂?𝐵31 ?̂?𝐵32 ?̂?𝐵33 ?̂?𝐵34















?̂?𝐴11 ?̂?𝐴12 ?̂?𝐴13 ?̂?𝐴14 0 0
?̂?𝐴21 ?̂?𝐴22 ?̂?𝐴23 ?̂?𝐴24 0 0
?̂?𝐴31 ?̂?𝐴32 ?̂?𝐴33 + ?̂?𝐵11 ?̂?𝐴34 + ?̂?𝐵12 ?̂?𝐵13 ?̂?𝐵14
?̂?𝐴41 ?̂?𝐴42 ?̂?𝐴43 + ?̂?𝐵21 ?̂?𝐴44 + ?̂?𝐵22 ?̂?𝐵23 ?̂?𝐵24
0 0 ?̂?𝐵31 ?̂?𝐵32 ?̂?𝐵33 ?̂?𝐵34










The dispersion diagram using the Timoshenko beam model for the periodic shaft with 
symmetric structure is shown in Figure 21, where red lines represent the imaginary part of the 







Figure 21 - Dispersion diagram for flexural Timoshenko waves with A-B cell 
 
The global dynamic stiffness matrix is shown in Equation (83), where two cells are 




















𝐾𝑐11 𝐾𝑐12 𝐾𝑐13 𝐾𝑐14 𝐾𝑐15 𝐾𝑐16 0 0 0 0 0 0
𝐾𝑐21 𝐾𝑐22 𝐾𝑐23 𝐾𝑐24 𝐾𝑐25 𝐾𝑐26 0 0 0 0 0 0
𝐾𝑐31 𝐾𝑐32 𝐾𝑐33 𝐾𝑐34 𝐾𝑐35 𝐾𝑐36 0 0 0 0 0 0
𝐾𝑐41 𝐾𝑐42 𝐾𝑐43 𝐾𝑐44 𝐾𝑐45 𝐾𝑐46 0 0 0 0 0 0
𝐾𝑐51 𝐾𝑐52 𝐾𝑐53 𝐾𝑐54 𝐾𝑐55 + 𝐾𝑐11 𝐾𝑐56 + 𝐾𝑐12 𝐾𝑐13 𝐾𝑐14 𝐾𝑐15 𝐾𝑐16 0 0
𝐾𝑐61 𝐾𝑐62 𝐾𝑐63 𝐾𝑐64 𝐾𝑐65 +𝐾𝑐21 𝐾𝑐66 + 𝐾𝑐22 𝐾𝑐23 𝐾𝑐24 𝐾𝑐25 𝐾𝑐26 0 0
0 0 0 0 𝐾𝑐31 𝐾𝑐32 𝐾𝑐33 𝐾𝑐34 𝐾𝑐35 𝐾𝑐36 0 0
0 0 0 0 𝐾𝑐41 𝐾𝑐42 𝐾𝑐43 𝐾𝑐44 𝐾𝑐45 𝐾𝑐46 0 0
0 0 0 0 𝐾𝑐51 𝐾𝑐52 𝐾𝑐53 𝐾𝑐54 𝐾𝑐55 + 𝐾𝐴11 𝐾𝑐56 +𝐾𝐴12 𝐾𝐴13 𝐾𝐴14
0 0 0 0 𝐾𝑐61 𝐾𝑐62 𝐾𝑐63 𝐾𝑐64 𝐾𝑐65+ ?̂?𝐴21 𝐾𝑐66 +𝐾𝐴22 𝐾𝐴23 𝐾𝐴24
0 0 0 0 0 0 0 0 𝐾𝐴31 𝐾𝐴32 𝐾𝐴33 𝐾𝐴34


















The forced response was calculated in similar way to what has been shown in section 









































The amplitude ratio between end nodes of the shaft can be observed in Figure 22. 
 
 
Figure 22 – Forced response ratio using Timoshenko’s theory for the periodic shaft with symmetric structure 
 







Figure 23 - Forced response ratio using Timoshenko’s theory for the periodic shaft with symmetric structure range 0-6 kHz 
 
3.3. Experimental Analysis of a Periodic Shaft  
 
For the experimental analysis, the torsional vibration of a free-free shaft was measured. The 
shaft is supported by elastic cables, and the excitation of the system has been made by an impact 










The measurement was performed with four uniaxial accelerometers, a pair of 
accelerometers for each angular acceleration (Janssens and Britte, 2012; Siemens PLM 
Software, 2014) and placed as shown in Figure 25. 
 
 
Figure 25 - Accelerometer locations for angular measurement 
 
Table 1 shows the specifications of the accelerometers used in the measurement. For 
calibration, the B & K 4294 acceleration calibrator shown in Figure 26 was used. 
 
Figure 26 – Calibrator 
 
Table 4 – Accelerometer Sensitivity 
Accelerometer Sensitivity 𝒎𝑽 𝒎𝒔−𝟐⁄
 
𝑎𝑐1 0.9962 








With 𝑎𝑐1 and  𝑎𝑐2 denoting the accelerometers shown in  Figure 25 and r the radius of the disc 







The angular displacement is calculated by integrating the acceleration (Janssens and 
Britte, 2012) in the frequency domain, where ω is the circular frequency and  𝑖 = √−1 is the 






Regarding the acquisition and recording of the signal obtained from each accelerometer, 
the SQuadriga II data acquisition system from Head Acoustics was used. The other signal 
analyses were made using the MATLAB software. 
The measurements are shown in Figure 27, which shows the angular displacement in dB 
at frequencies up to 6 kHz. In the experiment, seven measurements were collected. Node 1 is 








Figure 27 - Measured signals for 7 performed tests 
The impact was controlled to guarantee the same angular displacement for the 7 
measurements. Ripples in some measurements were observed. This occurs due to the double 
hit of the hammer (bounce effect). For the comparison with the model, since the measurements 





The measured angular displacements exhibit the same behavior as the angular 
displacements calculated by the spectral element model. The comparison between the 










Figure 28 - (a) Angular displacements measured and calculated at node 1 (b) Angular displacements measured and calculated 
at node 6. 
The attenuation along the shaft is calculated by the ratio between the angular displacement 
of Node 6 and the angular displacement of Node 1. Figure 29 shows the measured signal and 







Figure 29 - Amplitude ratio between angular displacements at node 1 and node 6, calculated and measured. 
The measured angles agree with the calculated angles up to 2 kHz; for higher frequencies 
it is observed that the calculated attenuation is higher than the measured one. However, both 
present considerable attenuation for frequencies greater than 1 kHz. The noise present in the 
measured signal is due to the limited dynamic range of the sensor measurement, but it does not 
affect the interpretation of the results. A coupling with bending modes can be identified around 
1kHz and 3kHz, as predicted by the flexural model exposed in section 3.2. 
The proposed periodic shaft has been shown to attenuate a wide frequency range of torsional 
vibration, both by the theoretical model and by the experimental measurements. The approach 
for the analysis of the torsional vibration attenuation was consistent with the measured data, 






4. COUPLING OF A PERIODIC COUNTER-SHAFT IN A 
GEARBOX 
 
4.1. Coupling of Periodic Shaft in a Gearbox 
 
The coupling effects, as discussed in chapter 3, can generate defect modes. These effects 
are investigated in the present chapter. Gearboxes are systems whose main objective is power 
transmission by varying torque and angular speed. This system is subjected to vibration, which 
can be flexural, longitudinal or torsional.  Internal combustion engines generate torque 
fluctuations due to explosions. Gear mesh imperfect contact cause torsional vibration excitation 
at the gear mesh frequency.  
This chapter performs a numerical analysis and an experiment to investigate the torsional 
vibration attenuation due to band gaps and the effects of coupling and non-symmetry. The 
gearbox in the vehicle, in this experiment, works as a bench test to compare the periodic 
counter-shaft with a normal production counter-shaft in terms of torsional vibration and side 
effects. 
The experiment uses a normal gearbox of production, where the counter-shaft is modified 
to make the shaft quasi-periodic, as shown in Figure 30. Due to geometric constraints of the 
gearbox, and with the objective of creating a very large band gap, the quasi-periodic shaft was 
machined to have a very thin shaft when compared to a normal counter-shaft and also with 
respect to gears. 
 
 






For this study, only the headset gears (input gear pair) and the first gear (output gear pair) 
are analyzed, with the objective to investigate the torsional vibration, the complexity of 
mounting and the interaction with other gearbox components. Hence, the gearbox has two gear 
mesh contacts. The headset that couples the input shaft to the counter-shaft (the input shaft gear 
has 29 teeth and the counter-shaft gear has 44 teeth) and the 1st gear that couples the counter-
shaft to the output shaft (the counter-shaft gear has 12 teeth and the output-shaft gear has 49 
teeth). Figure 31 shows the gearbox. 
 
  
Figure 31 - Gearbox with periodic counter-shaft. 
 
The gears at the counter-shaft were periodically placed to achieve the inertia periodicity 
and the shaft diameter was decreased so that the gear mesh frequency and high engine orders 
are within the first band gap. Table 4 shows some engine frequencies that appears in a 4-cylinder 
engine at 2700 rpm, and can be used as reference for further comparison. There are restrictions 
on both shaft length and width, on gear ratio, and on shaft elements to achieve the desired 
attenuation range. To have the repetition of 3 cells and use the gear of the input pair as part of 
the periodicity, the gears of the other speeds as well as their components such as synchronizer, 










Table 4 - Engine harmonic orders for 2700 rpm 
Order Frequency  
1st 45 Hz 
2nd 90 Hz 
3rd 135 Hz 
4th 180 Hz 
5th 225 Hz 
6th 270 Hz 
7th 315 Hz 
8th 360 Hz 
9th 405 Hz 
10th 450 Hz 
 
This modified gearbox has only two gear mesh contacts and, consequently, two gear mesh 
frequencies.  Table 5 shows the angular speed for each shaft and the teeth number for each gear, 
for a 2700 rpm speed of the input shaft. 
 
Table 5 - Rotational speed for each gear 
Gears Number of Teeth Rotational Speed [rpm] 
Headset Input Shaft Gear 29 2700 
Headset Counter-Shaft Gear 44 1780 
First Gear Counter-Shaft Gear 12 1780 
First Gear Output Shaft Gear 49 436 
 
Equation (3) allows to calculate the gear mesh frequency for each gear contact. Table 6 shows, 
for each gear, the gear mesh frequency input angular speed at 2700 rpm. 
 
Table 6 - Gear mesh frequency for 2700 rpm input angular speed 
Gears Rotational Speed [rpm] Gear Mesh Frequency 
Headset Input Shaft Gear 2700 rpm 1305 Hz 
Headset Counter-Shaft Gear 1780 rpm 1305 Hz 





First Gear Output Shaft Gear 436 rpm 356 Hz 
 
4.2. Periodic Shaft Theoretical Model  
 
The considered periodic counter-shaft, for which the periodicity is described as AB-AB-
AB, has the nodes shown in Figure 32. The dynamic stiffness matrix for one cell (Cell 1) is 













The dispersion diagram for the unit cell is shown in Figure 33, evidencing the band gaps and 






Figure 33 - Dispersion diagram for the counter-shaft periodic cell. 
The dynamic stiffness matrix of the periodic portion is shown in Equation (88), where the cell 











?̂?𝑐11 ?̂?𝑐12 ?̂?𝑐13 0 0 0 0
?̂?𝑐21 ?̂?𝑐22 ?̂?𝑐23 0 0 0 0
?̂?𝑐31 ?̂?𝑐32 ?̂?𝑐33 + ?̂?𝑐11 ?̂?𝑐12 ?̂?𝑐13 0 0
0 0 ?̂?𝑐21 ?̂?𝑐22 ?̂?𝑐23 0 0
0 0 ?̂?𝑐31 ?̂?𝑐32 ?̂?𝑐33 + ?̂?𝑐11 ?̂?𝑐12 ?̂?𝑐13
0 0 0 0 ?̂?𝑐21 ?̂?𝑐22 ?̂?𝑐23











The global stiffness matrix is assembled using ?̂?𝒃 as the stiffness matrix of the bearing segment 
and ?̂?𝒈𝒍  as the stiffness matrix of the output gear segment, as shown in Equation (89): 
 















𝐾𝑏11 𝐾𝑏12 0 0 0 0 0 0 0 0
𝐾𝑏21 𝐾𝑏22 + 𝐾𝑐11 𝐾𝑐12 𝐾𝑐13 0 0 0 0 0 0
0 𝐾𝑐21 𝐾𝑐22 𝐾𝑐23 0 0 0 0 0 0
0 𝐾𝑐31 𝐾𝑐32 𝐾𝑐33 +𝐾𝑐11 𝐾𝑐12 𝐾𝑐13 0 0 0 0
0 0 0 𝐾𝑐21 𝐾𝑐22 𝐾𝑐23 0 0 0 0
0 0 0 𝐾𝑐31 𝐾𝑐32 𝐾𝑐33 + 𝐾𝑐11 𝐾𝑐12 𝐾𝑐13 0 0
0 0 0 0 0 𝐾𝑐21 𝐾𝑐22 𝐾𝑐23 0 0
0 0 0 0 0 𝐾𝑐31 𝐾𝑐32 𝐾𝑐33 +𝐾𝑔𝐼11 𝐾𝑔𝐼12 0
0 0 0 0 0 0 0 𝐾𝑔𝐼21 𝐾𝑔𝐼22 +𝐾𝑏11 𝐾𝑏12




















The forced response of the free-free counter-shaft at node 2, where the input is located and node 
8, where the output is taken, are shown in Figure 34. Defect modes appear due to the non-
symmetry of the periodic cell and due to the non-periodic portion consisting of the bearings and 
the gear in the counter-shaft.  
 
 
Figure 34 – Nodes relation for free-free counter-shaft. 
 
4.3. Inertia Coupling effects 
 
The coupling effects can be estimated by adding an equivalent vehicle inertia (Fajri et al., 
2012) on the stiffness matrix of the output gear (node 8 and node 9).  This inertia is calculated 
considering the effort on the wheel to move the vehicle.  The stiffness matrix with added inertia 















Matrix ?̂?𝒈𝑰 is added to the global matrix, as shown in Equation (87). The forced response 
of the coupled periodic shaft is shown in Figure 35. The response at the counter-shaft show that 
a reduction of defect modes can be observed inside the band gaps. The attenuation effect is 
evident, even with the coupling.  
 
Figure 35 – Response with coupling effect on the periodic counter-shaft. 
 
 
4.4. Experimental Analysis 
 
4.4.1. Free-Free Periodic Counter-Shaft Analysis  
 
A free-free hammer test of the periodic counter-shaft was performed to evaluate the band 





the angular acceleration. Figure 36 shows the setup of the test, with the accelerometers and 
suspended shaft (with nylon strings). 
 
 
Figure 36 - Periodic counter-shaft free-free measurement. 
 
The free-free responses at node 2 and node 8 are shown in Figure 37. The attenuation 
range, below zero dB, and some modes can be observed. 
 





With this result, it was possible to calibrate the model shown in section 4.1. The approach was 
to calculate the stiffness matrix of the shaft without the periodic gears, Figure 38, which were 
mounted by interference fit.   
 
 
Figure 38 - Gear that was mounted on the shaft periodically by interference fit. 
 
The mass inertia of this gear was obtained by a CAD software, and added to the stiffness 
matrix of the cell as shown in Equation (91): 
 
?̂?𝑐 = [
?̂?𝐴11 −  0.5𝐼𝑔𝑒𝑎𝑟𝜔
2 ?̂?𝐴12 0
?̂?𝐴21 ?̂?𝐴22 −  0.5𝐼𝑔𝑒𝑎𝑟𝜔




The calibration consisted of only taking into account the inertia of the periodized gears in 
the stiffness matrix of the shaft, i.e., their effect on the shaft bending stiffness was neglected. 
The comparison between the calibrated model prediction and the measurement for torsional 






Figure 39 - Comparison measurements and model prediction. 
 
It is possible to observe that there is a good agreement between prediction and 
measurement. Besides, the bending modes appear through coupling in the torsional 
measurements. This is due to accelerometer cross sensitivity, to accelerometer mounting 
misalignment, and to input force misalignment.  Figure 40 shows the bending response 







Figure 40 - Comparison of model prediction and measurements for bending. 
However, other modes can be observed on the torsional periodic measurement.  A better 
understanding is necessary to validate each model and to confirm the effects that will be verified 
when testing in a gearbox. Hence,  Figure 41 shows, with a specific legend, the modes and their 
directions (torsional, flexural, longitudinal) as well as the torsional defect mode, comparing 
models and measurements. 
 
 
Figure 41 - Mode identification on the free-free counter-shaft analysis. 
 
Before evaluating the periodic counter-shaft mounted on a gearbox, as explained in 
section 4.1, and in order to test it in a vehicle, a test was performed to compare the normal 
counter-shaft with the periodic counter-shaft in free-free analysis. The Figure 42 shows the 
normal counter-shaft with the same setup of the periodic counter-shaft in free-free analysis, 







Figure 42 - Normal counter-shaft free-free measurement. 
 
The band gaps can be observed in a large range of frequencies for the periodic shaft, and 
a range of amplification for the normal shaft, is shown in Figure 43. The torsional modes that 
are evident in low frequencies for the periodic shaft can be considered a concern due to 









4.4.2. Roller Dynamometer Vehicle Test 
 
In order to evaluate the potential attenuation of  a periodic counter-shaft mounted in a 
vehicle gearbox under load and dynamic interactions, a roller dynamometer test shown in 
Figure 44 was performed as a preliminary application.  The test consists of comparing the 
periodic counter-shaft mounted in a gearbox shown in Figure 31, with a normal production 
counter-shaft of the same gearbox, according to the same configuration, with only two gear 




Figure 44 - Roller dynamometer vehicle test. 
 
The torsional vibration was collected at a constant speed around 2700 engine rpm (436 
rpm at output gearbox) with an optical sensor at the output of the gearbox, with 697 black lines 
(Smith, 2013; Mandyra, 2013). An accelerometer was fixed at the gearbox housing to collect 
the vertical vibration, and, at the cabin, the noise was measured with a headset. The gearbox 

















Figure 45 - Gearbox mounted and sensor location. 
 
 
Due to dynamometer being free of load, during the test the parking brake was applied, so 
that the entire driveline was coupled with the required load for both cases: normal counter-shaft 
and periodic counter-shaft. All collected data was recorded after the engine speed stabilized 
with the applied load. That is, the engine rotational speed was maintained around 2700 rpm, 
and the parking brake was applied to generate the required load. In the sequence, the engine 
rotational speed was stabilized again around 2700 rpm, and the data acquisition finally began. 
 
Table 5 shows some reference theorical frequencies for the normal and periodic configurations 
to be analyzed, together with the acquired data. All shaft speeds and some engine and gear 



















Engine Speed [RPM] 2700 2700 
Counter-Shaft Speed [RPM] 1800 1800 
Output Shaft Speed [RPM] 436 436 
Optical Sensor Acquisition Frequency [Hz] 5063 (697 lines) 5063 (696 lines) 
Engine 1st order [Hz] 





Engine 2nd order [Hz] 





Gear Mesh Frequency 1 and 2 [Hz] 





Gear Mesh Frequency 3 and 4 [Hz] 356 356 
 
 
The accelerometer at the gearbox housing collected the vertical acceleration during the 
tests with periodic and normal counter-shafts. The amplitude spectrum shown in Figure 46 
allows on to identify some excitations discussed in chapter 1 and predicted in  
Table 5. In the vertical direction, the periodic shaft has the 1st and 2nd orders at the same 
amplitude level as presented by the normal shaft. However, for higher frequencies, the vibration 







Figure 46 – Loglog Vertical acceleration at gearbox house 
 
A zoom of the amplitude spectrum of the vertical acceleration is shown in Figure 47. The 
gearbox housing acceleration at the gear mesh frequency of the headset gear, around 1310 Hz, 
can be observed with a higher amplitude for the periodic shaft in comparison with for the normal 
shaft.  
 





During the test, the noise in the cabin was collected using a headset. The left and right 
signals are the two channels of the headset. Sound pressure levels were calculated in dB(A) to 
highlight the sound perceived by the human ear. Both channels have good correlation. The 
frequencies predicted in  
Table 5 and present in the vertical acceleration spectrum are also present in the noise 
spectrum shown in Figure 48. The engine orders are very similar. However, sound level 
pressure at the gear mesh frequencies are higher for the periodic counter-shaft compared with 
the normal counter-shaft. Hence, whine noise has been found more evident for the periodic 
configuration, while the engine excitation was kept similar for both configurations. 
 
 
Figure 48 - Sound Pressure Level in dB(A) inside the vehicle cabin. 
 
Finally, the torsional vibration was collected and the amplitude spectra of the angular 
displacements for the periodic counter-shaft and for the normal counter-shaft are shown in 
Figure 49. Both configurations have the torsional amplitude excitation from the engine well 
identified. The periodic configuration has the first and second engine orders at the same level 
of the normal configuration; however, for high frequencies, the torsional vibration amplitude is 





The optical sensor was fixed at the output shaft (yoke); thus, the torsional vibration 
frequencies collected have a reduction due to gear pair ratio. The proposed mechanical filter 
counter-shaft is located between two reductions. From the engine to the gearbox input the 
reduction of 1.52. It then passes the proposed mechanical filter and then the second reduction 
of 4.08,   to the output shaft, where it was collected with the optical sensor. Hence, to analyze 
the reference frequencies shown in  
Table 5 on  Figure 49, a conversion due to reduction must be done. The engine excitation 
is reduced by 6.195, that corresponds to the first and second reductions. The first gear mesh 
excitation must be reduced by 4.08, which is the second reduction. The second gear mesh 
excitation does not need to be reduced.  
 
 
Figure 49 - Angular displacement for the periodic and normal counter-shafts. 
 
Therefore, all frequencies from the dispersion diagram must be reduced, since the 
mechanical filter is located between two reductions. With this, it is possible to predict where 





begin.  Figure 50 (a) and (b) show the dispersion diagrams with and without reduction. Figure 
50 (a) displays the dispersion diagram without reduction, which was calculated in section 4.2, 
revealing a frequency around 312Hz where the band gap begins. Figure 50 (b) shows the 










Figure 50 - (a) Dispersion diagrams without reduction and (b) and with gear ratio redution of 4.08:1 
 
Considering that the band gap begins at the cutoff frequency  𝑓𝑐𝑢𝑡𝑜𝑓𝑓 = 76 𝐻𝑧, it is 
possible to evaluate the attenuation of the band gap caused by the mechanical filter by 
calculating the total power as the root mean square value for the both configurations and after 
obtaining the relation between them. The energy 𝑃𝑅𝑀𝑆 is calculated as shown in Equation (92), 












Up to 76Hz, the attenuation caused by the periodic configuration with respect to the 
normal configuration is 17% larger. After this cutoff frequency, the attenuation is increased to 
66%.  Table 6 summarizes the attenuation or amplification seen before and after the cutoff 
frequency. To evaluate the mechanical filter behavior after the first and second engine order, 
20Hz offsets were considered. 
 
Table 6 - Cutoff frequency and attenuation 
Cutoff Frequency 








76 Hz 17% (attenuation) 66% (attenuation) 
20 Hz 12% (amplification) 69% (attenuation) 
 
A zoom in the high frequency range, where the periodic counter-shaft has a higher angular 
displacement amplitude than the normal counter-shaft, is shown in Figure 51. The peak at 563 
Hz has 3 harmonics 2nd :1125 Hz, 3rd:  1679 Hz and 4th: 2243 Hz. These peaks are much higher 
when compared with the normal configuration.  In section 4.2, the defect modes due to non-





hammer test, reported in section 4.41. In section 4.3, with these defect modes, the inertia 
coupling effects was predicted, and a peak around 2656 Hz as observed in Figure 35.    
                          
 
Figure 51 - Linear amplitude spectrum of the angular displacements for high frequencies.  
 
The inertia coupling effects with the reduction due to the gear ratio can be observed in 
Figure 52; the peak around 650 Hz in the middle of band gap is identified as a defect mode, as 






Figure 52 - Inertia Coupling effects and defect mode with gear ratio reduction. 
 
Therefore, the high amplitude of the periodic counter-shaft at 563 Hz and its harmonics can 









In chapter 1 a context of the torsional vibration issue in vehicles was presented, together 
with the excitation sources and different solutions for attenuating noise and vibration. The 
necessity of a mechanical filter to attenuate these excitations was also presented. Following, a 
brief overview of periodic structures was also presented, and it was shown that the usage of 
periodic structure in a given application can be an important contribution for periodic structures 
studies.  
In chapter 2 an analytical modeling was proposed for predicting the behavior of different 
structures, periodic and uniform. The method used was the Spectral Element Method (SEM), 
which was applied for torsional, flexural and longitudinal analyses. The theory underlying the 
dispersion diagram and how to evaluate band gaps was presented, and an interpolation method 
to evaluate the behavior along the structure for frequencies inside and outside the band gap was 
proposed.   
Symmetric and non-symmetric periodic structures were discussed in chapter 3. Defect 
modes were presented and discussed. The torsional model was validated with a simple 
experiment in free-free torsional analysis. Furthermore, a flexural model was used to explain 
the coupled bending effect in the torsional measurements. 
In chapter 4, a comparison between two counter-shafts, a normal production counter-shaft 
and a periodic counter-shaft was performed. Firstly, the shafts were analyzed in free-free 
condition and the model was validated with measurements. Also, it was possible to put in 
evidence all possible modes that may show up in the free-free analysis due to coupling. The 
torsional model, the bending model, and the longitudinal model were calculated to allow 
explaining the measurements. A defect mode due to non-symmetric and non-periodic portions 
of the structure was identified and flexural and longitudinal modes were identified in the 
measurements, besides the torsional modes.  
Following this investigation, the periodic counter-shaft was compared with the normal 
counter-shaft in free-free condition. It was possible to see a large frequency range of attenuation 
for the periodic structure and a frequency range of amplification for the normal structure. 
Then, an experiment with a gearbox mounted in a vehicle was performed, applying a breaking 
load to evaluate the response of the two gearbox configurations. The periodic structure showed 





However, the vertical vibration of the gearbox housing and the noise were worse than for the 
normal counter-shaft. 
Factors such as misalignment due to shaft deflection (the periodic counter-shaft was more 
flexible), non-optimized design, and the non-symmetrical, non-periodic shaft that was used to 
minimize the modifications of the existing counter-shaft and gears can explain the whine noise 
and the increase of the global vibration of the gearbox.  
With more than 60% of torsional vibration attenuation for the frequency range analyzed, 
the proposed periodic counter-shaft had a good torsional performance and showed that periodic 
structures can be used as effective mechanical filters as second function, given that the first 
function is the power transmission.  
For future work, the side effects of the proposed modifications can be investigated, aiming 
at avoiding the excessive shaft deflection by the design of a robust shaft, in terms of reliability, 
exhibiting band gaps. Also, the load influence can be investigated, as well as the influence of 
changing and controlling the torque load as a function of the rotational speed. Varying material 
properties along the shaft, for instance, can be investigated for this purpose. A gearbox with 
more speeds can also be investigated. As shown in chapter 4, the inertia was the main 
contribution of the gear in the periodic model calibration. Hence, the gear inertia can be used 
to design a counter-shaft with more gears, with different diameters (speeds), but still periodic 
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